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Abstract
We point out that there are only three polarizations for gravitational waves in f(R) gravity, and
the polarization due to the massive scalar mode is a mix of the pure longitudinal and transverse
breathing polarization. The classification of the six polarizations by the Newman-Penrose quan-
tities is based on weak, plane and null gravitational waves, so it is not applicable to the massive
mode.
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I. INTRODUCTION
The discovery of the gravitational wave event GW150914 by the LIGO Scientific Col-
laboration and Virgo Collaboration opens a new window to probe gravitational physics
[1]. For example, the detection of GW150914 gave the upper limit of the graviton mass
as m < 1.2 × 10−22 eV [1]. In Einstein’s general relativity, the gravitational waves have
two polarizations, the so-called plus and cross modes. For null plane gravitational waves
in general metric theories of gravity, there are six polarization states denoted by the six
independent Newman-Penrose quantities Ψ2, Ψ3, Ψ4 and Φ22 [2, 3]. For Brans-Dicke theory
of gravity [4], in addition to the plus and cross modes Ψ4 present in Einstein’s gravity, there
is another breathing mode Φ22 [3].
The quadratic terms RµναβR
µναβ and R2 are introduced as counterterms to remove the
singularities in the energy-momentum tensor for quantized matter fields interacting with
classical gravitational field [5]. Because there exists the Gauss-Bonnet topological invariance
in four dimensions, ∫
d4x
√−g(RµναβRµναβ − 4RµνRµν +R2) = 0, (1)
the general quadratic action can be written as∫
d4x
√−g(aRµνRµν + bR2). (2)
The addition of the above quadratic terms makes the gravitational theory renormalizable [6].
If a = 0, then the model R+αR2 introduces an additional massive scalar degree of freedom
[7]. In fact, the general nonlinear gravitational theory f(R) is equivalent to a scalar-tensor
theory of gravity [8, 9], so the f(R) gravity adds an extra massive scalar excitation [9]. The
polarizations of gravitational waves in f(R) gravity and their detection were discussed in
[10–14]. It was found that the massive scalar mode in f(R) gravity leads to the longitudinal
polarization [10, 11]. However, by using the Newman-Penrose formalism [2, 3], the authors
claimed that there are four degrees of freedom in f(R) gravity because the nonzero Newman-
Penrose quantities are Ψ2, Ψ4 and Φ22 [15, 16]. The point was further explained by arguing
that the traceless condition cannot be imposed [17]. Myung pointed out that there is no
problem for imposing the transverse traceless condition [11] and there are only three degrees
of freedom in f(R) gravity [18].
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The f(R) model with R + αR2 was first applied to cosmology by Starobinsky as an
inflationary model [19], and its predictions are consistent with current observations [20].
The f(R) gravity was also invoked to explain the late time cosmic acceleration discovered
by the supernova observations [21, 22]. The first such model was f(R) = R+αR−1 [23–26],
but it was ruled out by the solar system tests [27, 28], so more viable f(R) models were
then proposed [29–35].
In this paper, we study the polarizations of gravitational waves in f(R) gravity with
several different methods. In Sec. II, we discuss the transverse and traceless condition, the
energy current carried by the gravitational waves, the wave equations for weak gravitational
fields around the flat background, and the particle contents in f(R) gravity. In Sec. III,
we discuss the polarizations from the equivalent scalar-tensor theory with the help of the
Newman-Penrose formalism, and analyze the dynamical degrees of freedom by using the
Hamiltonian method for general f(R) theory of gravity. We point out that the six polariza-
tions of gravitational waves were derived for weak, plane and null gravitational waves and
the result is not applicable to massive modes. We conclude the paper in Sec. IV.
II. NONLINEAR GRAVITY THEORY
The action is
S =
1
16πG
∫
d4x
√−g f(R), (3)
and the field equation is
f ′(R)Rµν − 1
2
f(R)gµν −∇µ∇νf ′(R) + gµν✷f ′(R) = 0, (4)
where ✷ = gµν∇µ∇ν . Taking the trace of Eq. (4), we get
f ′(R)R + 3✷f ′(R)− 2f(R) = 0. (5)
Perturbing the metric around the Minkowski metric gµν = ηµν + hµν , to the first order of
hµν , we get
Rµν =
1
2
(
∂µ∂ρh
ρ
ν + ∂ν∂ρh
ρ
µ − ∂µ∂νh−✷hµν
)
, (6)
R = ∂µ∂ρh
ρµ −✷h, (7)
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where h = ηµνhµν and the d’Alembert operator becomes ✷ = η
µν∂µ∂ν . For the particular
model f(R) = R + αR2, to the first order of perturbation, Eq. (4) becomes
Rµν − 1
2
ηµνR − 2α (∂µ∂νR− ηµν✷R) = 0. (8)
Taking the trace of Eq. (8) or using Eq. (5), we get
(✷−m2)R = 0, (9)
where m2 = 1/(6α) with α > 0. The upper limit of the graviton mass given by the LIGO
observations is m < 1.2× 10−22 eV [1], and a more stringent limit from the dynamics of the
galaxy cluster is m < 2× 10−29 eV [36].
Introduce the variable
h¯µν = hµν − 1
2
ηµνh− 2αηµνR, (10)
so
h¯ = ηµνh¯µν = −h− 8αR, (11)
hµν = h¯µν − 1
2
ηµν h¯− 2αηµνR. (12)
Under an infinitesimal coordinate transformation, xµ → xµ′ = xµ + ǫµ, we have
h′µν = hµν − ∂µǫν − ∂νǫµ, (13)
h′ = h− 2∂µǫµ, (14)
h¯′µν = h¯µν − ∂µǫν − ∂νǫµ + ηµν∂ρǫρ, (15)
h¯′ = h¯ + 2∂ρǫ
ρ, (16)
where the index was raised or lowered by the Minkowski metric ηµν , i.e., ǫµ = ηµνǫ
ν . If we
choose ǫµ so that it satisfies the equation
✷ǫν = ∂
µh¯µν , (17)
then we get the Lorenz gauge condition ∂µh¯′µν = 0. Note that the Lorenz condition does not
fix the gauge freedom completely; it leaves a residual coordinate transformation xµ′ = xµ+ξµ
with ✷ξµ = 0. If ξµ also satisfies the equation ∂µξ
µ = −h¯/2, then we get h¯′ = 0. Therefore,
it is always possible to choose the transverse traceless gauge condition [10–12]
∂µh¯µν = 0, h¯ = η
µνh¯µν = 0. (18)
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By using the transverse traceless gauge condition, substituting Eq. (12) into Eq. (6), we get
Rµν =
1
2
[−✷h¯µν + 4α∂µ∂νR + 2αηµν✷R] . (19)
The trace of Eq. (19) gives Eq. (9). Plugging Eq. (19) into Eq. (8), we get
3αηµν(✷−m2)R − 1
2
✷h¯µν = 0. (20)
Combining Eqs. (20) and (9), we get
✷h¯µν = 0. (21)
The solution to Eq. (21) is
h¯µν = eµν exp(iqµx
µ) + c.c., (22)
where ηµνq
µqν = 0 and qµeµν = 0.
For null gravitational waves traveling along the z direction with qµ = ω(1, 0, 0, 1), the
energy current is [37]
t0z =
1
8πG
〈G(1)0z −G0z〉 =
1
16πG
〈
ω2
[(
exx − eyy
2
)2
+ e2xy
]
+ 48α2R,0R,z
〉
, (23)
where G
(1)
µν is the first order Einstein tensor. In deriving the above result, we used the
solution (22) and the transverse condition qµeµν = 0, but we do not apply the traceless
condition. From Eq. (23), it is clear that a null wave for which exx−eyy and exy vanish does
not transport energy, i.e., a null wave with nonzero trace h¯ in which exx + eyy 6= 0 does not
transport energy, so the trace h¯ is not a physical degree of freedom and the physical plane
wave h¯µν is transverse and traceless.
From Eqs. (9) and (21), we see that under the transverse traceless gauge condition (18),
the model f(R) = R + αR2 has two massless tensor and one massive scalar degrees of
freedom. This point is also clear from the action. To the second order of hµν , the action
becomes [7]
S =
1
16πG
∫
d4x
[
1
4
hµν✷hµν − 1
2
hµν∂µ∂
ρhρν − 1
4
h✷h +
1
4
h∂µ∂νh
µν +
1
4
hµν∂µ∂νh
+ αhµν∂µ∂ν∂α∂βh
αβ + αh✷2h− αhµν∂µ∂ν✷h− αh✷∂µ∂νhµν
]
=
∫
d4x
1
32πG
hµν P
µν,αβhαβ,
(24)
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where
P µν,αβ =
[
1
2
P (2)µν,αβ − P (s)µν,αβ
]
✷+ 6αP (s)µν,αβ ✷2, (25)
the spin-2 and spin-0 projection operators [38]
P
(2)
µν,αβ =
1
2
(θµαθνβ + θµβθνα)− 1
3
θµνθαβ ,
P
(s)
µν,αβ =
1
3
θµνθαβ ,
θµν = ηµν − ∂µ∂ν
✷
.
(26)
If α = 0, then the spin-0 projector P
(s)
µν,αβ is absent and only the spin-2 projector P
(2)
µν,αβ
remains, so Eqs. (24) and (25) reduce to the standard result for the massless spin-2 field.
Because of the diffeomorphism invariance of the theory, the differential operator P cannot
be inverted. In general, we need to add some gauge fixing terms to the theory so that we
can get the propagator for the spin-2 massless gravitons. Formally, the operator P can be
inverted to give (symbolically, in coordinate space) the quantum propagator. Therefore,
formally we have [39]
D(h) = − 1
✷
(2P (2) − P (s))− 1
✷−m2P
(s), (27)
where m2 = 1/6α. The first term on the right-hand side of Eq. (27) denotes the propagator
of a massless spin-2 field (graviton) and the second term denotes the propagator of a massive
scalar field. Therefore, the propagating degrees of freedom in R + αR2 gravity are the
massless spin-2 gravitons and the massive scalar field with the mass m2 = 1/6α.
III. SCALAR-TENSOR THEORY OF GRAVITY
The action (3) can be written as
S =
1
2κ2
∫
d4x
√−g [f(ϕ)+(R−ϕ)f ′(ϕ)] = 1
2κ2
∫
d4x
√−g [f ′(ϕ)R+f(ϕ)−ϕf ′(ϕ)], (28)
where f ′(ϕ) = df(ϕ)/dϕ, κ2 = 8πG, and d2f(R)/dR2 6= 0, so the f(R) gravity is equivalent
to the scalar-tensor theory of gravity [8, 9].
A. Hamiltonian analysis
The Hamiltonian formulation was derived before for different f(R) models [40–46]. In
this section, we perform the Hamiltonian analysis for the f(R) gravity with the action (28)
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to derive the dynamical degrees of freedom of the theory. For convenience, we use the
Arnowitt-Deser-Misner (ADM) foliation [47, 48] of the spacetime, so the metric is written
as
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (29)
where N , N i, hij are the lapse function, the shift function and the metric for the three-
dimensional space, respectively.
Let nµ be the unit normal to the constant time slice Σt, so that nµ = −N∇µt, and the
exterior curvature of Σt is
Kµν = ∇µnν + nµnρ∇ρnν , (30)
with the spatial components
Kjl =
1
2N
(h˙jl − 2D(jNl)), (31)
where Dj represents the covariant derivative with respect to the three-dimensional metric
hjl, and the brackets in the subscript imply symmetrization. In terms of ADM variables,
the action (28) becomes
S =
1
2
∫
d4xN
√
h{f + f ′[R +KjlKjl −K2 + 2∇µ(nµ∇νnν)− 2∇µ(nν∇νnµ)− ϕ]}, (32)
where κ is set to 1 for simplicity, R is the Ricci tensor for the spatial metric hjl and
K = hjlKjl is the trace of Kjl. Integration by parts brings the action (32) to the following
form:
S =
∫
d4xN
√
h
[1
2
f ′(R − ϕ) + 1
2
f +
1
2
f ′(KjlK
jl −K2)
+
K
N
(NjD
jf ′ − f ′′ϕ˙) +Djf ′Dj lnN
]
. (33)
In this action, we have 11 dynamical variables N , Ni, hij and ϕ. The corresponding canonical
momenta are
πN =
δS
δN˙
= 0, (34)
πj =
δS
δN˙j
= 0, (35)
πjl =
δS
δh˙jl
=
√
h
2
[
f ′(Kjl − hjlK) + h
jl
N
(NkD
kf ′ − f ′′ϕ˙)
]
, (36)
p =
δS
δϕ˙
= −
√
hf ′′K. (37)
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Therefore, πN ≈ 0 and πj ≈ 0 constitute the primary constraints. These equations can be
inverted to solve for h˙jl and ϕ˙,
h˙jl =
4N√
hf ′
[
πjl − 1
3
hjl
(
π +
1
2
p
f ′
f ′′
)]
, (38)
ϕ˙ = NjD
jϕ+
2N
3
√
hf ′′
(
p
f ′
f ′′
− π
)
, (39)
in which π = hjlπ
jl.
The Legendre transformation leads to the following Hamiltonian,
H =
∫
Σt
d3x(πjlh˙jl + pϕ˙−L )
=
∫
Σt
d3x
√
h(NC +NjC
j), (40)
where the boundary terms have been dropped. The Hamiltonian constraint C and the
momentum constraint Cj are
C = −1
2
[f + f ′(R − ϕ)] +DjDjf ′ + 2
hf ′
(
πjlπjl − π
2
3
)
− 2
3hf ′′
πp+
1
3hf ′
(
p
f ′
f ′′
)2
, (41)
Cj =
p√
h
Djϕ− 2Dl π
jl
√
h
. (42)
These are the secondary constraints, so we have a total of eight constraints. To obtain the
constraint algebra, we choose arbitrary functions ν and µ, and arbitrary spatial vectors vj
and uj, all defined on Σt, to define smeared quantities in the following way:
πν =
∫
Σt
d3x
√
hνπN , (43)
π~v =
∫
Σt
d3x
√
hvjπ
j, (44)
Cµ =
∫
Σt
d3x
√
hµC, (45)
C~u =
∫
Σt
d3x
√
hujC
j . (46)
The primary constraints have vanishing Poisson brackets with each other and with Cν and
C~v. The remaining constraint algebra turns out to be
{Cν , Cµ} = C~ξ, (47)
{Cν , C~u} = −CL~uν , (48)
{C~v, C~u} = C~ζ , (49)
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where the spatial vectors ~ξ and ~ζ are
ξj = νDjµ− µDjν, ζj = ukDjvk − vkDjuk, (50)
and L~uν = u
jDjν is the three-dimensional Lie derivative. Therefore, all of the above eight
constraints πν , Cµ, π~v and C~u are first class. Since H = CN +C ~N , the consistency conditions
are naturally satisfied,
{Cν , H} = 0, (51)
{C~v, H} = 0. (52)
So there are no further secondary constraints. In the phase space, we have 22 dynamical
variables and eight first class constraints, so the number of degrees of freedom for f(R)
gravity is n = (22− 8× 2)/2 = 3.
In summary, as in Einstein’s general relativity, the vanishing of πN and πj renders N
and Nj as Lagrangian multipliers, and thus, they cease to be dynamical variables. The
Hamiltonian and momentum constraints remove four more degrees of freedom of the theory,
and finally, a suitable choice of coordinate conditions further removes four degrees of freedom,
reducing the dimension of the phase space of f(R) gravity to 6. Therefore, the configuration
space of f(R) gravity is three dimensional.
B. The polarization states
The field equations to the action (28) are
Gµν =
1
f ′(ϕ)
[
∇µ∇νf ′(ϕ)− gµν✷f ′(ϕ) + 1
2
gµν [f(ϕ)− ϕf ′(ϕ)]
]
, (53)
✷f ′ =
2
3
f(ϕ)− 1
3
ϕf ′(ϕ). (54)
For the model f(R) = R + αR2, Eqs. (53) and (54) become
Gµν =
2α
1 + 2αϕ
(
∇µ∇νϕ− gµν✷ϕ− 1
4
gµνϕ
2
)
, (55)
(✷−m2)ϕ = 0. (56)
From Eqs. (55) and (56), we see that the massive scalar field ϕ is the source of the massless
spin-2 gravitational field, so there are one massive scalar mode and two massless tensor
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modes. In terms of the variable h¯µν = hµν − ηµνh/2− 2αηµνδϕ, and under the Lorenz gauge
condition ∂µh¯µν = 0, to the first order of perturbation around the flat spacetime, we get
Gµν = −✷h¯µν/2 + 2α∂µ∂νδϕ− 2αηµν✷δϕ. Comparing with Eq. (55), we obtain
✷h¯µν = 0, (57)
(✷−m2)δϕ = 0. (58)
The solutions to the wave equations (57) and (58) are Eq. (22) and
δϕ = φ1 exp(ipµx
µ) + c.c., (59)
where ηµνp
µpν = −m2. As discussed in the previous section, h¯µν is transverse and traceless
and it denotes the standard spin-2 graviton. For the plane wave traveling along the z
direction, we have qµ = ω(1, 0, 0, 1) and pµ = (Ω, 0, 0,
√
Ω2 −m2). The speed of the massless
spin-2 graviton h¯µν is the light speed c = 1 and the speed of the massive scalar field δϕ is
v =
√
Ω2 −m2/Ω, so hµν is the combination of the function of t − z and the function of
vt− z,
hµν = h¯µν(t− z)− 2αηµνδϕ(vt− z). (60)
Plugging the solution (59) into Eq. (55), we get
Rµν ≈ 1
6
ηµνδϕ− 2αpµpνδϕ, (61)
so the nonzero components of the Ricci tensor are Rtt, Rtz and Rzz for waves traveling along
the z direction. If the scalar field is massless (like the scalar field in Brans-Dicke theory),
then we can apply the classification based on the Newman-Penrose formalism [2, 3] to obtain
the effect of the scalar field on the geometry. In Brans-Dicke theory, the massless scalar field
manifests itself as the breathing mode with Φ22 = −Rxtxt −Rytyt 6= 0 [3].
If we apply the Newman-Penrose formalism, we may get Ψ2 = −Rkl/6 6= 0, Ψ4 6= 0 and
Φ22 = −Rll/2 6= 0. However, we also get Rkk = −2α(pµkµ)2δϕ 6= 0 which is inconsistent
with the Newman-Penrose result in Ref. [3] (see Appendix A for details). The inconsistency
arises because the result based on the Newman-Penrose formalism is derived for waves at
the speed of light c. For f(R) gravity, we have a massive scalar field whose speed is not c,
so we cannot directly apply the Newman-Penrose formalism to claim that there are more
than three polarization modes based on the result that Ψ2 6= 0.
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To understand the polarization state of the massive scalar field, we study its effect on the
geodesic deviation. To the linear order, we get
Rµναβ ≈ 1
2
(hνα,µβ + hµβ,να − hµα,νβ − hνβ,µα) . (62)
For the massive scalar mode, we have
Ritjt = −α(δijδϕ¨− δϕ,ij), (63)
and the geodesic deviation due to the massive scalar mode is
x¨ = αδϕ¨ x, (64)
y¨ = αδϕ¨ y, (65)
z¨ = −αm2δϕ z = −1
6
δϕ z. (66)
Therefore, the polarization of the massive scalar mode for the model f(R) = R + αR2 is
a mix of the pure longitudinal and the breathing mode. Note that the longitude mode is
independent of the mass parameter α and there is no massless limit for finite α in the model
considered here. If α = 0, then δϕ = 0 and we recover the standard massless plus and cross
polarizations.
The propagating speed of the massive mode is less than the speed of the massless mode,
so the gravitational wave due to the massive mode arrives at the detector later. The mix of
transverse breathing mode and the longitudinal mode for the polarization state is a distinct
character of the massive mode, so the detection of this polarization state by the network of
the Advanced Laser Interferometer Gravitational-Wave Observatory and Virgo detectors or
the Laser Interferometer Space Antenna can be used to test different gravitational theories.
IV. CONCLUSIONS
We derived the linear wave equations for the model f(R) = R + αR2 and performed the
Hamiltonian analysis for the general f(R) gravity; we found that the propagating degrees
of freedom in f(R) gravity are the two massless spin-2 modes and one massive scalar mode.
With the coordinate transformation, we showed explicitly that the transverse and traceless
gauge conditions can be imposed on the perturbation h¯µν . It was also shown that the
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gravitational waves h¯µν traveling along the z direction for which h¯xx − h¯yy and h¯xy vanish
do not transport energy, so the physical h¯µν must be transverse and traceless. Working with
the equivalent scalar-tensor theory of gravity for the f(R) gravity, we get a massive scalar
field in addition to the massless tensor field h¯µν . If we apply the Newman-Penrose formalism
to gravitational waves with a massive mode, then we get the longitudinal mode with Ψ2 6=
0 and the breathing mode with Φ22 6= 0 in addition to the plus and cross modes with
Ψ4 6= 0, and we also get nonzero Rkk, which should be 0 in the Newman-Penrose formalism.
The reason for the inconsistency is because the classification of the polarizations based on
the Newman-Penrose formalism is derived for the weak, plane and null waves. When the
massive scalar mode appears, the classification based on the Newman-Penrsoe formalism
is not applicable. By working out the geodesic deviation for the massive scalar mode, we
find that the polarization is a mix of the longitudinal and transverse breathing mode. For
null gravitational waves, the longitudinal and the breathing modes are independent of each
other and they are two different degrees of freedom. However, for the massive mode, the
polarization is a mix of the two and has only one state. In conclusion, there are only
three propagating degrees of freedom in f(R) gravity; two of them are the massless plus
and cross polarizations, and the other massive scalar mode is a mix of longitudinal and
transverse polarization. The potential detection of the massive mode by the ground or
space interferometer detectors can be used to distinguish different gravitational theories.
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Appendix A: Newman-Penrose formalism
In the Newman-Penrose formalism [2], we introduce the following tetrad system of null
vectors [3],
kµ =
1√
2
(eµt + e
µ
z ), l
µ =
1√
2
(eµt − eµz ),
mµ =
1√
2
(eµx + ie
µ
y ), m¯
µ =
1√
2
(eµx − ieµy ),
−kµlµ = mµm¯µ = 1, Eµa = (kµ, lµ, mµ, m¯µ),
(A1)
where the tetrad indices (a, b, c, . . .) range over (1, 2, 3, 4) = (k, l,m, m¯) and are raised or
lowered by the flat-space metric ηab,
ηab = E
µ
aE
ν
b gµν =


0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0

 . (A2)
For a weak, plane and null wave propagating along the z direction, the linearized Riemann
tensor depends on u = t − z only, so Rabcd,p = 0 , where (a, b, c, d) range over (k, l,m, m¯),
while (p, q, r, . . .) range over (k,m, m¯) only. To the linear approximation of hµν , the covariant
derivative in Bianchi identity becomes the coordinate derivative [3],
Rab(pq;l) = Rab(pq,l) =
1
3
(Rabpq,l +Rabql,p +Rablp,q) =
1
3
Rabpq,l = 0, (A3)
so Rabpq is a constant. For propagating gravitational waves, we have Rabpq = Rpqab = 0.
Therefore, if no l index appears in the first two indices or the last two indices, then the
Riemann tensor is 0, i.e., Rkk = Rkm = Rkm¯ = Rmm = Rmm¯ = Rm¯m¯ = 0. The nonzero
components of the Riemann tensor are Rplql, i.e., Rplql 6= 0, so the six degrees of freedom are
Ψ4(u), Φ22(u), Ψ3(u) and Ψ2(u). Note that the formula (A3) and the results for the degrees
of freedom are obtained under the assumption that the waves are null waves. If there are
massive degrees of freedom, then the the above derivation is not applicable and we cannot
use the above results to classify the propagating degrees of freedom.
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